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Abstract. We give a multimensional version of the p-adic heat equation, 
and show that its fundamental solution is the transition density of a Markov 
process. 



1. Introduction 

In recent years p— adic analysis has received a lot of attention due to its applica- 
tions in mathematical physics, see e.g. [T], [2], 0], [S], [TT], [T^], [13], [Hj, [Hi and 
references therein. One motivation comes from statistical physics, in particular 
in connection with models describing relaxation in glasses, macromolecules, and 
proteins. It has been proposed that the non exponential nature of those relaxations 
is a consequence of a hierarchical structure of the state space which can in turn 
be put in connection with p— adic structures ([4], [5], [E]). In [4] was demostrated 
that the p-adic analysis is a natural basis for the construction of a wide variety of 
models of ultrametric diffusion constrained by hierarchical energy landscapes. To 
each of these models is associated a stochastic equation (the master equation). In 
several cases this equation is a p-adic parabolic equation of type: 

^^+a{Au)ix,t) = f{x,t), xeQ;, te(0,T], 

(1.1) 

^u{x,0) = ip{x), 

where a is a positive constant, A is pseudo-differential operator, and Qp is the field 
of p-adic numbers. The simplest case occurs when n = 1 and A is the Vladimirov 
operator: 



a > 0, 



where J- is the Fourier transform. The fundamental solution of p.ip is density 
transition of a time- and space-homogeneous Markov process, that is consider the 
p— adic counterpart of the Brownian motion (see [13j . [19j). 

It is relevant to mention that in the case n = 1, the fundamental solution of p.ip 
when A = I?" (also called the p— adic heat kernel) has been studied extensively, 
see e.g. 0, [S], [TO], [H], [H- 

A natural problem is to study the initial value problem (jl.ip in the n-dimensional 
case. Recently, the second author considered Cauchy's problem (II. ip when 



(A^) [x)^T^l^ (|/(e)|;^.^e^(a:) 



a > 0, 
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here / (^) is an elliptic homogeneous polynomial in n variables, and the datum (/? is a 
locally constant and integrable function. Under these hypotheses it was established 
the existence of a unique solution to Cauchy's problem (jl.ip . In addition, the 
fundamental solution is a transition density of a Markov process with space state 
(see m)- 

In this paper we study Cauchy's problem (|l.ip when A is the Taibleson pseudo- 
differential operator which is defined as follows: 

(i?^^) (X) = J^j-i^ mf<X„ ^^^M^)^ , /? > 0. (1.2) 

Recently Albeverio, Khrennikov, and Shclkovich studied in the context of the 
Lizorkin spaces |3j . 

We prove existence and uniqueness of the Cauchy problem (|l.im.2p in spaces 
of increasing functions introduced by Kochubei in [Mj , see Theorem [TJ We also 
associate a Markov processes to equation the fundamental solution (see Theorem 
[2]). These results constitute an extension of the corresponding results in [13], [19]. 

We want to mention here a relevant comment due to the referee. There exists 
a procedure, developed in [13^ for elliptic equations, of reducing multi-dimensional 
problems over Qp to one-dimensional problems over appropriate field extensions. In 
particular, the Taibleson operator is connected with the unramified extension of Qp 
of degree n (see Lemma 2.1 in |13|). The fundamental solutions corresponding to the 
multi-dimensional Cauchy problem and the problem over the unramified extension 
should be obtained from each other, up to a linear change of variables, as in the 
formula (2.38) of flT for the elliptic case. Then many properties of the fundamental 
solution would follow directly from those known in the one-dimensional case. In 
this paper we use an elementary and independent method that has its obvious 
advantages. 

Let us explain the connection between the results of this paper and those of [20] . 
There are infinitely many homogeneous polynomial functions satisfying 



1/ (Olp - max^ , for any ^ G Q^, 

here d denotes degree of / (c.f. Lemmas [T4llT5|) . Hence the pseudo-differential 
operators considered here are a subclass of the ones considered in ^20- However, 
the function spaces for the solutions and initial data are completely different. In 
this paper the initial datum and the solution to Cauchy problem (jl. 1111.21) are not 
necessarily bounded, neither integrable, but in [20] are. 

Finally, our results can be extended to operators of the form 

n 

{A^) {x) = ao{x,t){D^^){x)+J2M^^i)iDT''v){x) + b{x,t)^{x), (1.3) 

fc=i 

a > 1, < q;i < . . . < q;„ < a, where the ak{x,t) ,and b(x,t) are bounded 
continuous functions, using the techniques presented in |13j-[15j. These results will 
appear later elsewhere. 

The authors wish to thank the referee for the relevant comment mentioned above. 
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2. Preliminary Results 

As general reference for p-adic analysis we refer the reader to [17] and [19] . The 
field of p-adic numbers Qp is defined as the completion of the field of rational 
numbers Q with respect to the non- Archimedean p-adic norm | • |p which is defined 
as follows: |0|p — 0; ii x E , x — with a, b integers coprime to p, then 
\x\p — p ''. The integer 7 = 7 (x) is called the p-adic order of x, and it will be 
denoted as ord{x). We use the same symbol, | • |p, for the p-adic norm on Qp. We 
extend the p-adic norm to Q" as follows: 



|jx|| := max \xA , for a; = {xi, ...,Xn)^ Qp- 

^ l<.i<n ^ 

Note that ||x||p = p--mini<,<„{ord(a;.)}^ 

Any p-adic number x ^ Q has a unique expansion of the form 

00 

X=P^^XjP>, 

3=0 

where 7 — ord (x) e Z, and Xj e {0, 1, . . . ,p — 1}. By using the above expansion, 
we define the fractional part of x E Qp, denoted as {x}^, as the following rational 
number: 

{0, if x = 0, or 7 > 

|7|-1 
p^ Xjp>, if 7 < 0. 

Denote by (a) = |a: G Qp | \\x — a||p < p'''|, the ball of radius p^ with center 

at a (ai, . . . , a„) e and (0) = S^', 7 G Z. Note that B'Hj (a) = (oi) x 

. . . X {an), where (aj) = ^Xj G Qp | — a^jp < p'''| is the one-dimensional 

ball of radius p'*' with center at aj G Qp. The Ball Bq equals the product of n 
copies of Bq (0) = Zp, the ring of p-adic integers. 

Let d^'x denote the Haar measure on Q" normalized by the condition f „„ d^x = 

P J -Bq 

1. 

A complex-valued function (p defined on is called locally constant if for any 
X G Qp there exists an integer l{x) G Z such that ip (x + x') = cp (x), for x' G -S;"^). 

A function ip : Qp — > C is called Schwartz- Bruhat function, or test function, if 
it is locally constant with compact support. The C- vector space of the Schwartz- 
Bruhat functions is denoted by S'(Qp). If G S'(Qp), there exist an integer I > 
such that p (x + x') ^ ip {x), for x' G -B";, and x G Qp (see e.g. 19, VI. 1, Lemma 
1]). The largest of such numbers I = I (tp) is called the exponent of local constancy 
of 

Let S"(Qp) denote the set of all functionals (distributions) on S'(Qp). All the 
functionals on 5'(Qp) are continuous (see e.g. [121 VI.3]). 

Given ^ = J, x = {xi,...,Xn) G Qp, we set C ■ a; := J27=l^^^i■ The 

Fourier transform of p G 5'(Qp) is defined as 

{T^m^ I *(-^x)^(C)d"a;,^GQ;^ 
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where *(-^ • a;) = U^=l'^i~^^x^) = exp (2^^ ^"^^ {-^.xj^) . The function 

^(axj) = exp ^27ri ^"^-^ {axjlp^ is cahed the standard additive character of Qp. 
The Fourier Transform is a hnear isomorphism from S{Qp) onto itself. 

2.1. The Taibleson Operator. We set 

1 — r)""" 
r(")(a) — -^^ , ay^O. 

This function is caUed the p-adic Gamma function. The function 

4 (a) 

is caUed the multi- dimensional Riesz Kernel] it determines a distribution on 
as foUows. If a 7^ 0, n, and ip e S'(Qp), then 



1 , ^ 1-p- 
(p{0) + — , 

i-p"-"7||..||,>i 



i-p"-"7||.||,<i 



x||r"((^(x)-(p(0))d"x. (2.1) 



Then fc^ e 5"(Qp, for R\ {0, n}. In the case a = 0, by passing to the hmit in ((TT|) . 
we obtain 

(Afl(a:),v3(a;)) := lim {ka{x),ifi{x)) = (p(O), 

a— >0 

i.e., fco(x) — 6 (x), the Dirac delta function, and therefore ka G S'{Qp), for M\ {n}. 
It follows from ((2T|) that for a > 0, 



(fc_^(x),y>(x))= ^ £_„ / ||x|| — (¥.(.T)-^(0))d"x. (2.2) 

Lemma 1 ([T7| Chap. Ill, Theorem 4.5]). As elements ofS'{Qp), (J-ka) (x) equals 
klip", aj^n. 

Definition 1. The Taibleson pseudo-differential operator D^, a > Q, is defined as 

(D^ipKx) ^-i^ (llCll^^x^c^) ,foripe SiQ;). 

As a consequence of the previous lemma and p.2p . we have 

(D^ip) [x] = (fc_„ * ^) (x) = 
1 -p" 



1 -p-"-" 



IMIp— "(^(x-y)-(^(x))d"y. (2.3) 



The right-hand side of (j2.3p makes sense for a wider class of functions, for example, 
for locally constant functions ip{x) satisfying 

[ ||x||;"-"|<^(x)|d"x < C50. 

J||2;||p>l 
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3. The p-ADic Heat Equation and the Taibleson Operator 
In this paper we consider the foUowing Cauchy problem: 

'^^+aiD^u)ix,t) = fix,t), xeQ;, teiO.Ti 

(3.1) 

(a;,0) = (p{x), 

where a > 0, a > and is the Taibleson operator. In this section we show that 
p.ip is a multi-dimensional analog of the p-adic heat equation introduced in [19] . 

3.1. The Fundamental Solution. The fundamental solution for the Cauchy prob- 
lem p.ip is defined as 

Z{x,t):= f *(x-Oe"°*"«"?d"e (3.2) 

Lemma 2. The fundamental solution has the following properties: 

1) Z{x,t) = (l-p-")lkllp""Er=o9~'"e-'^*^'""""'^'^° - lk||p-"e-'^*(Pll-ll.'')°; 

2) Z{x,t) = ^ i-p"C-„ (ai)™||x||;— " for x ^ 0; 

3) Z{x,t) >0, for all X eQ^^, t e {0,T]. 

Proof. 1) By expanding Z{x,t) as 

Z(x,t)= V / «'(a;-Oe"°*ll«ll^rf"C, 

and applying 







' p'="(i -p-"), 


if 




/ 


*(a;-Orf"C= < 




if 




-'llfllp^ 


-pk 










. 0, 


if 




(c.f. Lemma 4.1 


in 17, Chap. Ill]), we obtain 






Z{x,t) = {1- 


oo 


kn^-at{p ''\\x\\^y 




|^||-ng-at(p||x||-i) 



fc=0 



Note that by the previous expansion Z{x,t) is a real-valued function. 

2) By using the Taylor expansion of in p.3p . and exchanging the order of 
summation, and sum the geometric progression, we find that 

Z{x,t) = y ^ ^ (ai)™||x||r""-", for x ^ 0. 



7n— 1 



3) Let rti (x) denote the characteristic function of the ball B^j^ (0). Then TQi = 
p~''^^^l-i. The last part follows from this observation by means of the following 
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calculation: 



oo ^ 

Z{x,t)= ^ e-'^'P'" / ^(x-Od'^^ 

l = -oo A\i\\.=P' 

oo 

1 — — 00 

oo 

= P"'(e"°*P'° -e-''*P''^''°)r!_z(a;) > 



1 — — 00 



□ 



Lemma 3. 

Z{x,t) < Ct{t^''' + t>{),x(.%. (3.4) 

Proof. Let I an integer such that p'^^ < i^/" < p'. Then 

= /■ e-"ll''llpd?7 = Co(a)p->^'" <Cii-"/". (3.5) 

On the other hand, if ||a;||p > t^/°', by applying Lemma[2] (2), we have 

Z{x,t) < J2-l-(^t\\x\\;'^r < C3t||x||p"-". (3.6) 

m— 1 

The result follows from (|3.5ll3.6p as follows. If ||x||p > t^/", by ((3:6)) . 

Zix,t) < C3t||a;||p"-" < 2"+"C3t(ti/" + ||a;||p)-"-". 
If <ii/-, by 

Z{x,t) < Ci^-"/" < 2"+"Cit(ii/" + ||x||p)-"-". 

□ 

Inequality (|3.4p shows in particular that the function Z (a;, t) belongs, with re- 
spect tox, toii(Qpni2(Qp. 

Corollary 1. 

Z{x,t)d''x = l. (3.7) 



3.2. The Spaces dJlx and Pseudo-difFerentiability of the Fundamental So- 
lution. 

Definition 2. Denote by dJlx, A > 0, the set of the complex-valued locally constant 
functions ^p{x) on such that 

Mx)\<C{^){l + \\x\\l). 

If the function ip depends also on a parameter t, we shall say that ip G DJlx uniformly 
with respect to t, if its constant C and its exponent of local constancy I {ip) do not 
depend on t. 
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Lemma 4. If ^ 971a, A < q, with a as in 113. then 



lim / Z{x~^,t)^iOr^^vix). 
Proof. By Corollary ([T]) and Lemmas [2] (part 3) and [3] we have 



(3.8) 



< / Z{x-tt)\^{0^v{x)\d^^ 

<C [ t{t'^'^ + \\x~^\\p)-'^--MO-^{x)\d'^^:=I{x,t) 



Let r] be the exponent of locally constancy of ip. Since (p G SOTa, A < a, we can 
re- write I {x, t) as follows: 

I{x,t)=C [ t(tV« + ||^_^||p)— 

"'IIC-a:||p>P'' 



with 



<h{x,t)+l2{x,t), 

h {x, t) Cit 



\\i-x\\p>p^ 

h{x,t):^Ct\^{x)\ I (t^/" + ||e-.T||p)-"-"d"e 



Now, since a > 0, and t > 0, 



ie-x||p>p'7 



/2(2;,i) < C2%(a;)l, 



and since A < a, 



/i [x, t) < C\t + 



Cit Cs + 



I II 11x11 C(+» 

\T\\p>p1 IFIIp 

X — tWC: _„ f lice — r| 



1^ 



/p')<llr|i;;<llx||p ir 
Cit I C4 (x) + 



A 



lkllp>l|a 



Therefore 



lim 



zix-^tMOd^^-pix) 



< hm Ce (x) t = 0. 



□ 



For further reference we summarize the properties of the fundamental solution 
in the following proposition. 
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Proposition 1. The fundamental solution has the following properties: 

(1) Zix,t) >0, for all X eQ^, t e {0,T]. 

(2) /q„ Z (x, t) d^x ^l, for any t > 0; 

(3) if(peS {Q'^), then \im(^.^^t)^(xofi) Iq^ Z {x - T],t) ip (rj) d'^r] = (p{xo); 

(4) Z{x,t + t') = /q„ Z{x-y,t)Z {y, t') d"y, for t, t' > 0. 

Proof. (1), (2), and (3) are already established (c.f. Lemmas-part (3), Corollary[l] 
and Lemma H]). The last assertion is proved as follows: since e^"*"^"i' gL^ ('Qp); 

Z{x - y, t,)Z{y, t2) d^y - {T{Z{y, t,) * Z{y, ia))) 

= jr-i |^g-atill?llpe-at2||«||; 
— Z{x, ti + t^)- 



Proposition 2. // 6 > 0, < A < a, and x e Qp, then 

I{b,x)^ I [b+\\x-£,\\,)-"-'^m\lr^<Cb-'^{l + \\x\\l) 



where the constant C does not depend on h, x. 
Proof. Let m be an integer such that p™"^ < 6 < P™- Then 
(6+lk-eilp)-"-"<(p'"-' + ll^-eilp)"' 

and 



7(6,0:) </(p™-\x)= / (p—^lp + IN-elW^^^^IICII^d"? 

^pim-lK^a-n) f (l + | |p"-lx - p^-^^l |p) """" 1 1^1 1^ d"? 





/-I 

E 

k — — OQ 


/ 


(1- 

— pfc 


Hl2/-^llp)""""IHIprf"^y, 


h{y) = 


j 




f Il2/- 


^llp)""""ll^llpd"7y, 


h{y) = 


E 

fe=;+i ' 


1 

'\\r)\\p- 


(14 


-||y-^llp)'"""lhllprf> 



The results follows from the following estimations: 



□ 



^p(m-l)(A-a)j(i^pm-l^)^ (3.9) 

Let p™~-^a: = ||?;||p=p'. We have 

1(1,2/) = /i(2/) + /2(y) + /3(y), 

where 



Claim A. h{y) < Co(l + ||2/||p)-"-"ll"ll^+"- 
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Claim B. /2(y) <Ci||y||^; 
Claim C. hiy) < C2- 

Indeed, from the claims we have I{l,y) < C3(l + ||y||p), and by (|3.9p . 

I{b,x) < C3p("-i)(^-"'(l+p(i-")^||a;||^) 

<Csp-"^'^{l + \\x\\i)<Cb-"{l + \\x\\^). 

We now prove the announced claims. 
Proof of Claim A. 



h{y)= E / (i + ll2/-'7llp)~"""lhllprf"^. 



(l-p-«)(l + ||y||,r"-" Yl 



k— — oo 



where 



<co(i + iMipr"-"ii2/ii^+", 



Go - 



Proof of Claim B. Let y G Qp such that \y\p — — \ \y\\p, then 



ll'?llp=p' 



n\\p=p 



(i + iyipir'2/-r''7iip)"""" rf"^ 

(llyllp^ + II" - 'yllp) " " d"??, with u = y~ 

„=i 



We set 

Ara = {v<^ I Ihllp = 1 and \\u - vWp = P"™}, for m e N, 
and for / non-empty subset of {1, 2, . . . , n}, 

Am, I = {il e Am I |mj -Vilp ^ P^"' for i e / and |ui - rj^lp < p"™ for i 

where u= (wi,...,u„), 77= {r]j^,...,r]J £ Q^, with ||r/||p = = 1. 
With this notation we have Am C \JjAmj, 

VoliAmj) < (^-"(1 

here |/| denotes the cardinality of /, then 



|/|=o 



—mn 
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and 

oo „ 

OO 

= C[\\y\\l I (l + ||r||,)— "dr<Ci||y||^. 
Proof of Claim C. 

OO „ 

h{y)^ E / (i + lhllp)""""IHIp'^"'?, 

□ 

Lemma 5. If a > 0, i/ien 

INIp = , / (3.10) 

/or an a; e Q;J. 

Proof. The proof is a sliglitly variation of the proof of Proposition 2.3 in [I^j. □ 
Lemma 6. Let < j < a, then 

/ *(x.r;)||r;||2e-'^*ll''ll.°d"r?. 

Proof. By Lemma [2] (2), Z{x — y,t) = Z{x,t), for ||y|| < ||a;||. Then we can use 
([O]) to calculate(£)JZ)(a;,t): 

{D-^Z){x,t)^ ] I \\y\\-'^-{Z{x-y,t)-Z{x,t))d^y 

rr(-7) •^lly||p>ll-llp 
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We now use Lemma [3] to obtain 

\{D^^Z){x,t)\ < ^ 



< oo. 



Ilyllp>lkllp 



(3.11) 



This shows that {D'^Z){x,t) exists. We now compute this function exphcitly. 
We set 



"'ll«llp<p'" 



Then Z^"^\x, t) is bounded and locally constant as function of x, the exponent of 
local constancy is m. From these observations by using Lemma[2](2), and (|2.3|) we 



calculate {D^Z){x,t) as follows: 



{DlZ'^"''>)(x,t) 



4"^(-7)^ll!/llp>P 



4"V7) JM\.>p 



-7— n 



p 



||2/||;^-"(Z(")(x -y,t)- t)) d^y 

-''--{Z^^^\x~y,t)^Z^^\x,t))ry 

e-'^*ll'?llp^r(a;-r/) {^{~y • 77) - 1) d"?7d"y 



l»)llp<p'" 



j)||p<p"' 
,4"^(-7) •^llallp>p- 



Note that if < p "\ then ^'(— y • 77) = 1 for all ry such that ||?/||p < p"\ using 
this observation and Lemma {Dj.Z'^"^^){x,t) becomes 



/ 

-'Ikllp 



e-°t|l';ll?^r(a;.ry) 



4"^ (-7) ^Qp" 



e-'^*ll'"ll°*(.T-77)||77||2d"77. 



By the dominated convergence theorem and ( I3.1ip we have 

{D^j,Z){x,t) ^ f e-"*ll''ll?^(a;-77)||?7||;jd"7?. 



□ 



Lemma 7. 



^ix,t)^^a y'^vl;(:,.^)||^||^e-'^*ll«ll?d"^; 



dZ 

— (a;,i) = -apJZ)(a;,i), /or < 7 < a. 

Proof. The first part follows by applying the dominated convergence theorem. The 
second part follows from the first one by Lemma [51 D 
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Lemma 8. 



Proof. The proof uses the same reasonings as the one given in the proof of Lemma 
El □ 

Corollary 2. 

(L>JZ)(x,t) d'^x = 



3.3. The Cauchy Problem for the multidimensional p-adic Heat Equation. 

Theorem 1. Let ^p{x), f{x,t) G 071a, < A < a fee continuous functions. Then 
the Cauchy problem 

'^^ + a{D^u){x,t) = f{x,t), x^%, te(0,T], 

(3.12) 

u{x,Q) = Lp{x), 

with a > 0, a > 0, has a continuous solution in DJlx given by 



u{x,t) = / Z{x~^,t)^{i)d^^ + 



The proof of the theorem will be accomplished through the following lemmas. 
We set 

ui{x,t) -.^ / Z(a;-$,t)(/7(C)d"^, and 



U2{x,t) 



Lemma 9. u{x,t) e OJTa uniformly with respect to t, and u{x,t) satisfies the initial 
conditions of Theorem]^ 

Proof. We first show that ui[x,t) G OTa uniformly with respect to t. Since Lp is 
locally constant, there exist I G N such that (^(^ + 2/) = f{0 fo'' ^"^J WvWp ^ ■ 
By changing variables y — C — in wi(a;,i) we that Mi(a;,i) is locally constant. 
Now using LemmaEland Proposition [21 we have \ui{x^t)\ < C(l + and thus 

ui{x^t) G 9JIa uniformly with respect to t. 

By a similar reasoning one shows that U2{x, t) is locally constant in x, and that 
\u2{x,t)\ < CT(1 + ||x||)^. Therefore i) = t) + U2(x, t) G OTa uniformly 
with respect to t. 

We now show that limf^Q+ = ^p{x): by Lemma^l limj_,Q+ wi(a;, t) = (p{x), 

and limf^o+ "2(2;, <) = 0, since \u2{x, t)\ < Ct {1 + t <T. □ 

We now compute the partial derivatives of ui{x,t), U2{x,t) with respect to t. 

Lemma 10. 
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Proof. The results follows by applying the dominated convergence theorem. □ 
Lemma 11. 

^ [x, t) = ^' |^(:, _ ^, t _ r) (/(^, r) - fix, t)) d-^ dr + fix, t). 



Proof. Let 

U2.hix,t) 



^ Zix -^,t- r)/(e, r) dr, 



where /i is a small positive number. Then ' — ^ ''^ ' equals 

nt-h + t' / 



Z(x-C,t-r)/(C,T)d«ej rfr. (3.13) 
By taking t' 0+ the first integral in p.l3p tends to 

and by using the continuity of the functions 

/ (Z(a;-e,i + t'-T) -Z(x-e,t-r))/(^,T)rf"e, and 

Zix-i,t^T)fii,T)d''(,, 



with respect to t, the second integral in (|3.13p tends to zero, and the third integral 
tends to 



Hence 



Zix-i,h)fii,t-h)d-t- 



^'''\x,t)^ r ( / ?f(.-e,t-r)/(e,r)d"C) dr 



dt ' Jo \Jq^ dt 

+ / Zix-^,h)fi^,t-h)d''^. 
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This expression can be re-written as 



dt ' Jo \./(ni" dt 

rt~h 



+ / Z(a;-e,/i)/(e,t)rf"e (3.14) 

The first integral contains no singularity at t = t due to Lemma [8] and the local 
constancy of /. By Corollary [21 the second integral in (|3.14p is equal to zero. The 

third integral can be written as the sum of the integrals over |c £ Qp I IICIIp ^ P™| 
and its complement; one integral is estimated on the basis of uniform continuity of 
/, while the other contains no singularity. Hence this integral tends to zero as h 
approaches zero from the right. By Lemma [H the fourth integral tends to f{x,t) 
as ^ 0+, therefore 

□ 

As a consequence of Lemmas [TOllTll we obtain: 
Proposition 3. 

We now consider the action of the operator £)J, < 7 < a upon u{x, t). We first 
note that {D'^u){x, t) is defined if 7 > A. This follows from (|2.3p using t) G 071a. 

Lemma 12. Let A < 7 < a, i/ien 



Proof. Let := {D'],Z){x,t) and 

Z,^i{x,t) -.^ ( \\y\\-'<--{Z{x^y,t)-Z{x,t))cry. (3.15) 

Tp (~7) "'ll!/llp>P"' 

By the Fubini theorem 

"y\\p^~'^{ui{x -y,t)- ui{x,t)) (f'y 
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1 



rp"^(-7) A\y\\p>p 

1 

^r~i~l) ■^\\y\\p>p-' 



--^-^ / {Z(x-y-i,t)-Z{x-t t))^{S) d-y 



V{£.) I , /, „ \\y\\-'^-{Z{x-y~tt)~Z[x~S,,t))d-y] d"^ 



Let m a fixed positive integer, then the last integral can expressed as 

Z,,i{x-^,tMi)cC'i+ I Z,,{x-^,t)^{Od^t 
Now if ||a;||p > p^™, I > m, then Z^j{x,t) ~ Z^{x,t), and 

'\~'^~"(ui{x - y,t) ~ ui{x,t)) dy 



4"^ (-7) Jm\p>p-' 

[ z^{x-i,t)^{i)d^ 

J\\x-e\\„>v-'^ 



x-i\\p>p 

Z^j{x-^,tMOd^, (3.16) 

\\x-i\\p<p-"' 

for I > m. Now using Fubini's theorem, and taking lim/_>ooj we obtain that 

lim / Z^^i{x - ^,t)ip{^)dS, 

J\\^-i\\p<p-^ 



-"f — n 



4''^(-7)-^ii--eiip<p 



{Zix - e - y, <) - Z(x - 



X 

lb-Cllp<p"'" 
1 



(3.17) 



Since 



\;''-''{u,ix-y,t)~u,{x,t)) 

is integrable as function of y (because ui{x,t) € DJl\, 7 > A, by Lemma HJ, the 
result follows by taking lim;^oo in (I3.16|) and using (j3.17p . □ 

Lemma 13. Let A < 7 < a, then 
iDlu2){x,t) - 



(^J^^ {DlZ){x -^,t- T)/(e, r) d^^ dr. 
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Proof. We set 



U2,h{x,t) 



t~h 



Z{x-y,t-e)f{y,9)ry dO. 



Then 



1 



1 



\\y\\p^ " {u2,h{x ~y,t)- U2,h{x, t)) d"y 



-j-n , 



y\\p>p~' 



* ''U(Z{x~y-^,t-T)-Z{x-^,t-T))f{^,T)d"^)dT\ d^'y 



\ 



Z^,,(x-e,t-T)/(^,r)d"C 



dT, 



J 



with Z^^i{x, t) as in (|3.15[) . We now note that 



Z,,i{x,t) = / 



where 



4"^ (-7), 



Il2/lir""(^(-y0-i)t^y- 



iiaiip>p-' 

By using a similar reasoning to the one used in [13|, pg. 142], we have 

2\\m 



\m)\ < 



l4"^(-7)l 



\\u\\-'^-d-u^cm\i 



itii ip>i 



whence 

\Z^j{x,t)\ < C. 

Furthermore, if ||a; — ^||p > p^^'^"'"'' then Zy^i{x — S,,t — r) — Zy{x — S,,t — t) 



Therefore 



VJQ; 



Z^j{x~C,t-T)f{^,T)d''n dT 



t-h 



t-h 



Z^[x-tt-T)f(tT)d''i dT 



\\x-i\\p>P 



Z^Ax-^,t-T)f{^,T)d^^ dT. 



Jk-Cllp<p-"-i> 
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By taking I —^ oo we obtain that 

rt-h 



(D>2,h)(a;,t)=^ UiD].Z)ix-tt-T)f{tT)d"A dr 



t-h 



(DIZ)(X -i,t-T) {fit T)-f {X, t)) d"^ dT 



t-h 



{DlZ){x -tt-r) {fit T)~f {x, t)) d"^ dr, 

where / is the exponent of local constancy of f {£,,''') (c-f- Corollary [2]). Finally, 
since U2^h G -Mx uniformly in h (c.f. Lemma [J]), by taking h ^ 0^ and using the 
dominated convergence theorem, we have 



{Dlu2){x,t) = U^jDlZ){x-tt~T)if{tT)-f{x,T))d^'a dr. 



As a consequence of Lemmas [71 [T2l andfTSl we obtain the following result. 
Proposition 4. 

{D-^u)ix,t)^ j iD^^Z)ix~ttMOd^^ 



iDlZ){x - t - T)ifit t) - fix, r)) dr; 



□ 



7 

\JQ: 



37 

aiDlu)ix, t)^ - I - tMO 



\Jq: 



37 \ 

— ix-i,t- t)(/(C, t) - fix, t)) d"i dT, 



for < 7 < a. 



3.3.1. Proof of Theorem]^ By Lemma[3J u(a;, t) S DJl\ uniformly with respect to t, 
and uix, t) satisfies the initial condition of Theorem[T] By Propositions [5]|31 t) 
is a solution of Cauchy problem (|3.12p . 

3.4. Taibleson Operator and Elliptic Pseudo-differential Operators. For 

a polynomial 17(2;) € Zp [xi, . . . , a;„] we denote by 'gix) G ¥p[xi, . . . , x„] its reduc- 
tion modulo p, i.e., the polynomial obtained by reducing the coefficients of gix) 
modulo p. Let fix) € Zp [xi, . . . ,Xn], f (0) = 0, be a non-constant homogeneous 
polynomial of degree d such that fix) ^ 0. We say that fix) is elliptic modulo p if 

{x e I Jix) = 0} = {0} , 
and that fix) is elliptic over Qp if 

{xeQ;\fix)=0} = {Q}. 
Note that if / elliptic modulo p, then / is elliptic over Qp. 
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If / is a non-empty subset of {1, . . . , we define // (x), respectively // (x), as 
the polynomial mapping obtained by restricting f{x) to the set 

Ti := {x e 1p \ x,^Q^iel] , 

respectively, to the set 

T/ := {x e f; I 7^ ^ i e /} . 

Definition 3. Let f{x) £ Z,p[xi,. . . ,a;„], / (0) = 0, be a non-constant homoge- 
neous polynomial of degree d with coefficients in . We say that f{x) is strongly 
elliptic modulo p, if for every non-empty subset I of {I, . . . ,n}, fj (x) is elliptic 
modulo p. 

Example 1. Let f{x) — x"^ ~ vy"^ , with v £ \ (Z^ where 

{l-pY ■■= {x elp \ x ^ y^, for some y G } . 
Then f{x) is strongly elliptic modulo p. 

Lemma 14. There are infinitely many strongly elliptic polynomials modulo p. 

Proof. By induction on n, the number of variables. The case n = 1 is clear. 
Assume as induction hypothesis that the result is true for l<n<fc,fc>2. 
Let g {xi, . . . ,Xk) be a strongly elliptic polynomial modulo p of degree d. Set 
any w £ such that v does not have a /-th root in , for some I > 2, and 

f{xi, . . . ,Xk+i) ^ g{xi,.. .,Xkf - vx^^j^-^. Then f{xi, . . .,Xk+i) is strongly elliptic 
modulo p. □ 

Lemma 15. Let f{x) G Zp [xi, . . . , Xn], f (0) = 0, be a non-constant homogeneous 
polynomial of degree d with coefficients in Z^ . // f{x) is strongly elliptic modulo 
p, then 

\f{x\^\\x\\l,foranyxe%. (3.18) 

Proof. We set A := . . . , z„) G Z^ | jz^l^ — 1, for some i|. Since f{x) is elliptic 
over Qp, 

(^sup |/W|p)||x||^<|/(x)|^<(^inf |/(z)|p)||.T||^, 

(c.f. Lemma 1 in [20]). Thus, in order to prove the result it is sufficient to show 
that 

Given a non-empty subset / of {1, . . . , n}, we define 

A/ = {a; G A I \xi \ = 1 4^ i e 1} . 

Then UjAj is a partition of A when / runs through all non-empty subsets of 
{1, . . . , n}, and to show l3.1'5)l it sufficient to prove that 

\f\p \ai= 1, for every non-empty subset /. 

Without loss of generality we may assume that / — {l,...,r}, 1 < r < n. 
Thus, if a; G A/, then Xi G Z^ , i — 1, . . . , r, and Xi G pZp, i = r -|- 1, . . . , n, and 
f[x) — fj {x) ^ 0, since / is strongly elliptic modulo p, therefore |/| 1^^= 1. □ 
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4. Markov Processes and Fundamental Solutions 

Theorem 2. The fundamental solution Z {x,t) is a transition density of a time- 
and space-homogeneous non- exploding right continuous strict Markov process with- 
out second kind discontinuities. 

Proof. By Proposition [T] (4) the family of operators 

{Q{t)f){x) = J Z{x~v,t)firi)d7^ 

has the semigroup property. We know that Z {x,t) > and Q (t) preserves the 
function f (x) = 1 (cf. Proposition [ij. Thus Q (t) is a Markov semigroup. The 
requiring properties of the corresponding Markov process follow from Proposition 

[I] and general theorems of the theory of Markov processes [7] , see also [HI Section 
XVI]. □ 
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